We present a model capable of explaining 200 years of declining fertility, 200 years of rising educational achievement and a significant Baby Boom for the United States and twenty other industrialized market countries. We highlight the importance of secularly declining young adult mortality risk for producing secularly declining fertility and a sudden decline in housing costs after the end of the Second World War, but ending by 1970. In addition we introduce a new puzzle to the profession. Given the magnitude of the Baby Boom, roughly equal to fertility in 1900 for many of these countries, why did schooling of the Baby Boom cohorts not fall to the 1900 level of their predecessors? In fact, not only do they not fall, but their schooling levels are higher than previous cohorts. Using a quantitative model we are able to identify the magnitude of the reduction in costs of education necessary to explain this paradoxical increase in schooling. We find empirical support for these cost reductions.
1 One would also have to believe that the further improvements on these appliances are generally neurtal towards fertility, or at least too small to overcome the rising return to labor market participation of women. The introduction of radio, television and particularly color television appear to serve as substitutes for children, in terms of their timing.
Model
In this section we present a model with parental choice of fertility, x, human capital of their children, h , a composite consumption good, c, and space, S.
2 Parents choose the number of children to have in an environment of young adult mortality. Parental preferences are:
where ν is a time varying preference parameter that becomes constant by 1950. 3 We assume that the young adult mortality rate is δ. Further we assume that expected net fertility is what parents care about,
(1 − δ)x − a, a ≥ 0. Thus we model the parental fertility choice similar to Jones (2001) , where elasticity of substitution of net expected fertility with human capital investments is greater than 1. This in turn exceeds the elasticity of substitution between net expected fertility and space, 1. The final term, with ε > 0, in the preferences captures something like a precautionary demand for fertility as in Kalemli-Ozcan (2002 and Tamura (2006) . Notice that it also depends on the level of total factor productivity. The more productive the economy, the more costly young adult mortality is from the perpsective of utility. With falling young adult mortality rates, which in the limit reach 0, the final term in preferences disappears.
The budget constraint facing the typical parent is given by:
where Z is the constant total factor productivity in production, θ is the time cost of rearing children, τ is the time spent educating children, κ is the time efficiency of education time, p is the price of consumption and r is the price per unit of space. 4 Finally we assume that the human capital accumulation technology 2 The results of the numerical solution for the United States were used in Murphy, Simon and Tamura (2008) in order to identify the relevant price of space. That paper compared the model solution for the required time series on price of space with measures of population density. 3 In the appendix we indicate via the country specific graphs what the time series for ν is. For almost all countries the stationary value of ν is the same, .40. In an earlier version, as well as in Murphy, Simon and Tamura (2008) we had preferences that included an endogenous time varying total factor productivity in each of the three terms. However we have been able to simplify the model and eliminate the need for endogenous total factor productivity, hence Z is constant. 4 Alternatively we could have specified the first term in preferences as depending on a composite of space, S, and all other consumption goods, c, and net expected fertility: αX ϕ [(1 − δ)x − a] λ−ϕ , where X = n σc 
This accumulation technology is from Tamura (1991 Tamura ( , 2006 . We assume that the US is the frontier human capital country, so that the US h t = h t for all countries. 6 Substituting (3) and (2) into (1) and differentiating produces the two Euler conditions determining optimal choices of fertility and human capital investments:
We can solve for c t as a function of S t and x t . This produces:
Substituting this into the budget constraint produces:
Substituting this back into the objective function produces the following problems facing the household:
What is most interesting to us is the decline in the fertility rate with the decline in young adult mortality, δ, as well as the relationship between the price of space, r, and fertility. Due to the interaction of fertility with both space as well as human capital investments, the budget constraint facing the typical parent is not convex. As a consequence, the comparative static exercise does not lead to any nice analytical results.
We thus utilize numerical solution methods to examine the interaction of the precautionary demand for fertility and human capital investments in the long term. Also the numerical solutions presented below indicate the requisite decline in the price of space in order to induce a baby boom. Thus in the numerical solutions, we produce the secular decline in fertility arising from the rising survival rate, or falling mortality rate, as well as the rising levels of human capital investment. Furthermore one possible mechanism of the negative, so that goods were stronger complements than the Cobb-Douglas case examined here. 5 In the numerical solutions we allow µ to vary across countries. Within a country µ is constant. Holding κ constant, changes in µ imply differential efficiency in converting study time to human capital. Since the proportion of the first period of life spent in school is a fraction less than 1, increasing µ implies lower productivity in schooling holding time in school fixed. 6 For the UK, we backsolved the growth rate of the US human capital stock and used that as the spillover value for the period 1600-1800. baby boom is the falling price of space. We are able to replicate the broad pattern of fertility as well as human capital investment.
We also use the parameter κ to produce the appropriate secular rise in human capital investment time. We use information on years of schooling in the labor force for the US from Turner, Tamura, Mulholland and Baier, (2006), as a measure of τ . We assume that a period length is 40 years, so that 40τ t is the years of schooling for the typical individual born in year t. 7 In the international comparisons, we use data from Baier, Dwyer and Tamura (2006) as well as Baier, Devereux, Dwyer and Tamura (2008) to fit years of schooling, fertility, young schooling, output per worker.There is a strong quality and quantity tradeoff in the model. The solutions show that the current low rate of fertility in these countries are often so low that they imply counterfactual schooling attainment. Furthermore the baby booms in the countries typically imply dramatic reductions in schooling for that cohort as well as schooling in the population. Thus we used the efficiency of time for schooling, κ, as a means to control for these counterfactual schooling levels.
Stationary Values and Numerical Solutions
In this section we analyze the stationary solution as well as present numerical solutions. We assume that the stationary fertility rate is 1. Examining the Euler equation with respect to fertility when mortality risk is 0, we can produce the parameter restriction on a as a function of parameters and the stationary human capital investment rate, τ :
The stationary solution also produces the following connection between the rate of TFP growth, and staionary values of investment rates, rental price of space, the price of consumption and parameters.:
where the left hand side is stationary under a balanced growth path. Under these parameter restrictions and convergence of mortality risk to 0, perhaps due to human capital accumulation as in Tamura (2006) , the long run fertility rate and human capital investment rate will be x = 1, τ = τ .
What follows is the generation of time series on total fertility rates, years of schooling, consumption and space. We present these results in comparison with the actual data, under varying assumptions. The model solutions presented result from numerically solving the Euler equation for τ t for a range of possible values of fertility, x t . The resulting solutions are compared and the one generating the highest utility is selected as optimal.
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Before continuing we discuss how we calculated our measure of young adult mortality risk, δ. We used the actual time series history on probability of dying between the ages of 1 and 35, d 1,35 to produce our measure of δ. Specifically we used data from Tamura (2006) on infant mortality, m, and the probability 7 In the numerical solutions we assume that the nonlinear budget constraint provides the possibility that fertility may be at a corner, as in Ehrlich and Lui (1991). Thus our algorithm allows for this, although in practice all choice variables are interior solutions. 8 We use this method in order to allow for the possibility of corner solutions. Since the budget constraint is not linear, the budget set is not convex, and hence it is plausible that fertility might head either towards a maximum level, i.e. x = 1 θ , or a minimal level, i.e. x = a + ζ, for arbitrarily small ζ.
of dying between the ages of 1 and 35, d 1, 35 , to construct a forecast probability of dying between the ages of 1 and 35. We do not assume that individuals have perfect foresight, instead we assume that they made rational forecasts of the probability of dying between the ages of 1 and 35 prior to 1900. We regressed the log of the probability of dying between the ages of 1 and 35 for years prior to 1900 on a time trend. We then used the forecast values, p 1,35 as our measure of the perceived risk of dying between 1 and 35. We then ran the regression of log of the probability of dying between the ages of 1 and 35 for 1900 -1949 on a time trend. We then used the forecast values as our measure of the preceived risk of dying between 1 and 35 for years 1900 -2000. We did this because the introduction of pennicillin in medical use was a dramatic change in the probability of dying of infectious diseases. We do not assume that the typical individual knew about pennicillin at all. By 2000 the deviation of the forecast from the actual probability is quite small. We did the same thing for infant mortality to produce our forecast of infant mortality, m. Thus our measure of the relevant young adult mortality risk is δ:
As can be seen, we downweight the effect of infant mortality by . This is due to the fact that an infant death is less costly to replace than a death of a child say at age 12. This for the obvious reason that after 12 years a substantial amount of human capital investment could have been made, a substantial level of support has been delivered, and perhaps even more importantly, a large proportion of a woman's child bearing potential has disappeared. For if a child born when a woman was 15 dies at age 12, she is now 27, with only 17 years of reproductive life remaining. Ideally one would consider the relative price of mortality at 2 years of age versus say 12 years of age to construct an economically relevant young adult mortality in a sequential fertility-human capital investment model. Table 1 below presents the fit of the model with various assumptions on parameters, ν, preferences, r, the rental price of space, and κ the cost of teaching time. There are four panels in Table 1 The remaining data for schooling, both average and young cohort, and real output per worker come from Tamura, Devereux, Dwyer and Baier (2010). In the column labeled base, the model assumes only a time varying mortality rate. Thus the typical regression run was:
where y t is the year t observation on either children ever born or average years of schooling in the labor force, etc.; x t is the year t observation from the model on children ever born or the average years of schooling in the labor force between the ages of 20 to 65, etc. Under the null hypothesis that the model fits the data, α = 0, and β = 1. The row marked with F provides the F statistic on the joint test of these hypotheses.
In order to illustrate better these results, the figure below contains the data and the model solutions for children ever born and years of schooling in the labor force for the base case and the time varying (r t , κ t ) case contained in Table 1 . There are clearly three major features of the children ever born data: (1) the secular decline from 7 children born over a woman's reproductive life in 1800 to 2 children born by the end of the period, (2) the baby boom for women in the years 1946-1964, (3) the mini bulge in fertility for women born between 1840-1860. The base model, picks up on the secular decline in fertility arising from the secular decline in δ. As one moves across the columns of Table 1 , we allow for time varying parameters in the model. We sequentially add time varying parameters. In other words as one moves to the right of the table we keep changing time varying parameters. Thus we keep allowing more parameters to vary. First tastes, then we have tastes and rents, finally tastes, rents and time efficiency of schooling. The first column after the base case is time varying taste parameter ν t which is the exponent on the mortality risk in the precautionary demand set-up. The next is time varying tastes and rental price of space, (ν t r t ). The last column allows all to vary, (ν t r t , κ t ). In all four panels of Table 1 , the full model provides the best fit with the data for 21 countries. This is true based on improvements in the goodness of fit,R 2 , and the closeness of the slope coefficient to 1, and the constant to 0. In two of the four regressions, the p value on the null of β = 1andα = 0isgreaterthan.05.T husinhalf of thecasesweacceptthenullthatthatthemodelsolutionsandthedataarestatisticallyidentical.
In Figures 1-21 , we only present the data on and the solutions to fertility, schooling, real output per worker and young cohort schooling. We present all four cases, from the base case (no time varying In all of the cases, the base model generally can pick up the time series of fertility with the exception of the Baby Boom experiences. As with the case for the United States, the introduction of time varying price per unit of space to produce a Baby Boom, dramatically alters the years of schooling in the labor force. Thus the need for ν t , (r t , κ t ) in order to produce the secular rise in schooling in each of these countries. Notice that for almost all of the countries there is if anything, an acceleration in accumulation of years of schooling that accompanies their Baby Boom. It is fair to say that the Baby Boom experiences in the United States as well as these other industrialized market countries arose from shocks to the total demand for children. This increase in demand was for both quantity and quality, so that the typical quality-quantity tradeoff did not occur during this cycle.
The base United States case that is assumed is that there are constant prices for (S, c), (r = 1.285531, p = 1.002461). We present the time series of price of space needed in the model to reproduce the Baby Boom in the US. We compare it with the average population density of the US. 10 This is contained in Figure 22 .
Curiously the population density of the US has been constant since 1980, at values lower than those that produced the Baby Boom, and yet US fertility did not remain high.
9 These are the same rich countries that were modeled in Tamura (2006) . The only exception is the exclusion of Korea. Korean data on fertility and mortality only goes back to 1950 and the data is one of monotone decline in fertility. South Korea does not have a Baby Boom in their post war period. The other countries in Tamura (2006) , India, China, and the regions of Latin America, Central and Eastern Europe and the rest of Asia do not have any Baby Boom cycles either. The data to fit these series comes from both Tamura (2006) and Tamura, Devereux, Dwyer and Baier, (2009). 10 We computed this by calculating the population density by county, and then weighting each county by the population in the county. Thus we are measuring the average number of people an individual is surrounded by, and not the average number of people per mile.
In the Appendix, we present the graphs of the time series of preference parameters, ν t , the rental price of space, r t , and the cost of schooling κ t . In all cases the cost of schooling must fall dramatically during the Baby Boom in order to fit the observed time series of schooling of the Baby Boom cohort and the average schooling in the population. This is the first time any paper has identified this phenomena.
Recall that the total expenditures on schooling of the next generation, E t are given by:
Total income is given by Zh t , so expressed as expenditures per student, e t , we have:
Thus if we take the share of GDP spent on education, both public and private, and divide by the number of students and multiply by population, we get something analogous to e t . If we divide e t by an estimate of the length of time of schooling, tau t , we can identify κ t . Luckily for us, we do have already estimates of the length of schooling, τ t , schooling of the young cohort. In order to express this as a share of lifetime, we divided this schooling length by 80 years of expected life. Thus the education data provides us with measures of e t and κ t . In Table 2 we present evidence on the decline of schooling cost during the Baby Boom for both measures of education expenditures. We further provide evidence for the US separately, as we have the most data for the US, almost covering annually the Baby Boom years of 1946-1964. 11 As with the previous goodness of fit regressions, we run
where y t is either κ t τ t or κ t , and x t is either κ 
School efficiency
School efficiency in the model is separated from the diffusion of knowledge arising from the spillover parameter, ρ. In the solutions we assumed a value of ρ=.40. However countries can differ in their efficiency in transforming school time into human capital, via µ. In order to fit the growth rate of income we used µ as a major source of the cross country differences. Since the United States had the smoothest income process by far, and since it was generally the most productive country in the 1800 start of the data, most countries would have had a µ smaller than the United States, except for the spillover effect of human capital. This is contained in Table 3 . This is very close to the work of Schoellman (2010). While Table 3 contains both a taste parameter, β, the crucial parameter for us is µ.
The smaller the µ the more efficient a society is at transforming school time into human capital. Notice that there is a large cluster of countries at the US value of µ = .0850. Only France and Norway have schooling efficiency better than the US. The countries with inferior schooling efficiency than the US are Belgium, Canada, Denmark, Germany, Greece, Japan, Netherlands, New Zealand, Portugal, Spain, Sweden, Switzerland and the UK. The countries that are comparable in efficiency are Australia, Austria, Finland, Ireland,and Italy.
Conclusion and future work
This paper has presented a model capable of capturing the secular decline in fertility of the United
States and 20 other western countries. In addition it captures the significant Baby Booms that occurred in these countries. It is able to fit the dramatic increase in schooling for all of these countries over the last 200 years, and more importantly to capture the increase in schooling the occurred even during or in some countries accelerated during the Baby Boom. The model assumes that the secular decline in fertility that occurred in these countries is mainly driven by falling precautionary demand for children as young adult mortality declines. The model assumes that the price of space is the driving variable for the Baby Booms in these countries. One weakness in this model is that we must have an offsetting change in the price of schooling during the declining price of space in order to produce the observed rise in schooling. 13 We consider the numerical solutions to be an exercise in quantitative identification. That is to say we force the model to fit the data by allowing the crucial variables to vary over time. Thus the model solutions provide economists with the time series of the price of space and cost of schooling that must have occurred in order to produce the observed phenomena. We provide limited evidence on the price of space and more comprehensive information on the cost of schooling. In both of these cases the evidence is supportive of the model. In the precautionary demand for fertility term in preferences, the stationary value of ν differs from the baseline case of .400 in only three cases, France, Netherlands and New Zealand. There is more heterogeneity in preference parameter β. The possible values are .18 (nine countries), .27 (three countries), .30 (one country), .36 (two countries), .45 (one country), .54 (two countries), .63 (one country), .72 (one country) and .75 (one country). In the limit, the young adult mortality converges to 0, and all of these differences vanish. 13 Ideally it would have been preferred to have the price of space and the cost of schooling be relatively uncorrelated. However many school systems are tied to the property tax on housing. So at least in terms of the United States we would expect to see a correlation between the two. The dramatic decline in the price of space along with the decline in the cost of schooling suggest that the suburbanization mechanism must be studied in greater detail. For the model to be correct, it must be the case that along with the falling price of space, the newer suburban schools must have been of dramatically higher quality than the urban schools that existed before them.
are also the states that had higher initial population density, and would have had the greatest reduction in the price of space arising from suburbanization. In this section we present the data for rents, r, preference parameter ν, the cost of schooling per child, κ and mortality. We present both the model mortality, based on splined regressions, both for mortality between the ages of 1 and 35, and infant mortality as well as the data for motality. In the splined regressions we split the data into two regimes, pre 1900 and 1900-1950. We shut off mortality from 1950 onward in the projections in order to capture the idea that the mass introduction of penicillin Notes: Table reports results from pooled regressions with errors corrected for panel autocorrelation and Prais-Winsten heteroskedastic error correction. The final row, marked p, is the p-value on the null hypothesis that β = 1 and α = 0. 
